The bosonised theories obtained from the vector Schwinger model and the axial vector Schwinger model under different gauge invariant regularisations are known to exhibit identical physical spectrum. We show that noncommutativity spoils this equivalence. Gauge symmetry or the lack of it has been argued to be at the kernel of the affair.
The (1 + 1) dimensional Schwinger model has been extensively studied over the years [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] due to its significance in (1 + 1) dimensional electrodynamics as well as due to its exactly integrable feature. Indeed this model has served the purpose of a theoretical laboretory where various ideas like confinement, deconfinement etc have been tested. The importance of the Schwinger model demands its investigation in all its ramifications. In particular, the effect of noncommutative (NC) space time structure in this model deserves to be studied. With this motivation studies of the bosonised Schwinger models has been initiated in the NC perspective very recently [20, 21] . Indeed the inclusion of noncommutativity gives rise to new background interaction hitherto unknown in the commutative model. The study of various aspects of the Schwinger mod els in the NC perspective is thus deserving if not essential.
The Schwinger model is nothing but (1 + 1) dimensional QED. Both vector and axial vector couplings are possible in the model. The models can be exactly bosonised using different regularisation schemes [10, 11, 13] . Now, an interesting aspect in the context of bosonisation of Schwinger models is the equivalence of different bosonised models. One wonders whether this equivalence should persist in the NC framework also. In the present letter we will address this problem.
In NC space time the coordinates x µ satisfy the algebra
where θ µν is a constant anti-symmetric tensor. Mooted long ago [22] , this idea has been revived in the recent past from a string theoretic context [23] . Later, field theories defined over this NC space have been investigated in their own right [24] . One approach of analysis of the NC field theories is to work in a certain Hilbert space which carries a representation of the basic NC algebra. An equivalent approach of treating NC theories is to work in the deformed phase space where the ordinary product is replaced by the star product. In this formalism the fields are defined as functions of the phase space variables with the product of two fieldsφ(x) andψ(x) given by the star product
Here the standard procudure to obtain the NC extension of a theory is to substitute the ordinary products by star products and ordinary derivatives by covariant derivatives (in case of gauge theories) to obtain the NC counterpart of a commutative model. This methodology will be used in the present work.
We begin with a formal derivation of the equivalence of differently regularised Schwinger models in the commutative scenario. The vector Schwinger model is defined by the fermionic Lagrangean [1]
where the Lorentz indices run over the two values 0, 1 and the rest of the notation is standard. Notice that the coupling constant e has unit mass dimension in this situation. Standard gauge invariant regularisation (GIR) leads to the following bosonised form
Instead if we take the axial vector Schwinger model [25] then another GIR leads to
It is remarkable that the theories (4) and (5) possess the same physical spectrum. In this sense these theories are equivalent. We will now establish the equivalence of the models by Hamiltonian analysis 2 .
We start from the theory (5). In the following we will take e = 1 for simplicity. The conjugate momenta corresponding to the basic fileds φ and A µ are
The canonical Hamiltonian is
The last equation in (6) is a constraint [28, 29] and conserving it with the Hamiltonian (7) gives the Gauss constraint of the theoryπ
No further constraint emerges. The system of constraints consists of two first class constraints which signifies a gauge redundancy and to remove it the following gauge fixing condition are imposed.
A 0 = 0 and φ = 0
The reduced Hamiltonian is obtained using the constraints and the gauge fixing conditions strongly in (7).
Dirac brackets remains canonical in the reduced phase space. The Hamiltonian (10) along with the canonical brackets leads to the following first order differential equations of motion.
Combining these two we getπ
We are thus left with a single massive boson of unit mass. Of course the mass has the dimension of coupling constant. This spectrum is identical with that of equation (4) i.e. the bosonised vector Schwinger model [25] .
The equivalence of the physical spectra of (4) and (5) is only manifest in the reduced phase space i.e. only after the gauge redundancy is removed. The gauge invariance of (4) is obviously the usual U (1) symmetry. The form of the gauge transformations under which (5) is invariant can be deduced from the generator of the gauge transformation constructed from the first class constraints. Explicitly, the generator is [30] 
For convenience we have taken π 0 ′ in place of π 0 . This gives the following gauge transformation of the fields:
With these gauge transformations the Lagrangean (5) for the axial vector Schwinger model transforms as
The invariance of the Lagrangean (5) under the above gauge transformation requires the following restriction on the parameter λ 1 and λ 2λ
This choice leads to
So we can combine these transformations as
In the above we have shown that the models (4) and (5) are equivalent. We will investigate to what extent this equivalence persists in the NC perspective. The focal point as we have argued is the gauge invariance of the models. The specific gauge transformations (18) and (19) that leave the action (5 invariant is instrumental in the reduction of the phase space which ultimately reveals the identity of the spectrum with that of (4) . So the first question is whether the NC extensions of the gauge transformations (18) and (19) remain invariances of the corresponding NC extended theory. Note that the NC extension of (4) is invariant under U (1) ⋆ transformations [20] which is a direct generalisation of the U (1) symmetry of (4).
The NC extension of (5) can be implemented in a straightforward manner following the procedure of NC extension of (4) discussed in [20] . A short review is given in the following for ready reference. We substitute all the products by ⋆-products and replace the ordinary derivatives by appropriate covariant derivatives. This leads to the corresponding NC model
whereφ is the NC scalar field andÂ µ is the ⋆-gauge field. We adopt the Minkowski metric η µν = diag (+, −). The covariant derivativeD µ ⋆φ is defined aŝ
The action (20) is invariant under the U (1) ⋆-gauge transformation
Note that the transformations (22) reduces to the usual U (1)-gauge transformation in the limit θ → 0.
We will now proceed to the NC extension of the model (5) . To get the NC theory corresponding to (5) we substitute all the products by ⋆-products and replace ∂ µ φ by D µ ⋆ φ. The NC model becomes
In the commutative limit the model is invariant under (18, 19) . A set of NC gauge transformations which will correspond to (18, 19) can be worked out in the following way. The catch is that A µ is the U (1) ⋆ -gauge field where U (1) ⋆ = e iλ(x) ⋆. This directly gives us the transformation of A µ as
Now φ is in the adjoint representation of the gauge group. In itself, it should transform as φ → φ + i [λ, φ] ⋆ . So the NC transformation corresponding to (19) will be
We have to see whether (24) and (25) are invariances of the NC axial vector model (23) . A straightforward calculation shows these are not. First we observe that the covariant derivative (21) transforms as
Using the transformations (24, 25, 26) in the model (23) we get after some calculations
In arriving at (27) we have freely used the cyclicity of the traces and performed partial integrations wherever necessary. The presence of the anomalous term δL indicates that the action ceases to be invariant and there is no analogous gauge symmetry in the NC extension of the axial vector model. This observation has twofold implications. Apart from the instance of gauge violation it also shows that in the NC level the axial vector model can not be equivalent to the vector Schwinger model (20) . Specifically the agreement of the spectrum is no longer obtainable.
We have considered the bosonised forms of (1 + 1) dimensional Schwinger model with vector and axial vector coupling. In the commutative limit the models are shown to generate identical physical spectrum using a Hamiltonian analysis. Gauge invariance of the models are instrumental in the demonstration of this equivalence. The noncommutative (NC) extension of the models has been performed according to the procedure discussed in [20] . Surprisingly the NC extension of the gauge invariances of the bosonised axial vector model fails to remain invariances of the corresponding NC theory. This means the duo which stood on level ground in the commutative scenario are seperated due to the inclusion of noncommutativity.
